This study shows that the Leray-␣ model does not explicitly enforce a divergence-free field for the filtered velocity. While this condition is automatically satisfied in the absence of boundaries, bounded domains require extra attention. It is shown, both analytically and through simulations of Rayleigh-Bénard convection, that incompressibility of the filtered velocity field cannot be guaranteed in the current formulation. Several suggestions are made to restore the incompressibility of the filtered velocity, and it is shown that free-slip boundary conditions for the filtered velocity do guarantee incompressibility for the domain under consideration. © 2006 American Institute of Physics. ͓DOI: 10.1063/1.2166459͔
‫ץ‬ j u j = 0, ͑2͒
Here implicit summation is performed over repeated indices and ‫ץ‬ i = ‫ץ‬ / ‫ץ‬x i . The rationale is to introduce a second, smoother velocity field ũ i , obtained by applying a smoothing filter ͑3͒ with a filter size ␣ to u i , that advects the fluid, thereby reducing the nonlinearity of the Navier-Stokes equations. This principle has recently been proposed as a regularization model for large-eddy simulation 11 that allows a systematic derivation of the implied subgrid model. The explicit presence of both unfiltered and filtered velocity in ͑1͒ suggests similarity with the approximate deconvolution method 12 and the variational multiscale method ͑see, e.g., Ref. 13͒. The distinguishing aspect of the regularization approach is that it modifies the distribution of energy in spectral space, see, e.g., Ref. 5 . In this respect it differs significantly from other subgrid closures, as these normally employ eddy-viscosity concepts, thus modifying the dissipative processes.
An attractive feature of the Leray-␣ model is that it can be easily implemented in existing computational fluid dynamics ͑CFD͒ codes, as the filtered velocity ũ i can be treated as a dependent variable. The main reason for this is that the continuity equation ͑2͒ is in terms of u i , instead of ũ i as is the case for the LANS-␣ model. However, as can be seen from ͑3͒, ‫ץ‬ j ũ j = 0 automatically implies that ‫ץ‬ j u j = 0, but not vice versa. Consequently, extra attention is required to ensure that ‫ץ‬ j ũ j = 0 for the Leray-␣ model.
One may question the importance of ũ i not being divergence-free. Indeed, no "real" mass is lost in terms of the u i field, as ũ i merely represents an average velocity by which the velocity field u i is advected. However, ‫ץ‬ j ũ j 0 has serious implications, for example, for the budget of kinetic energy e = 1 2 u i u i , as the important identity u i ũ j ‫ץ‬ j u i = ‫ץ‬ j ũ j e fails to hold because the term e ‫ץ‬ j ũ j is no longer zero. Because of this, the advection is no longer a pure redistributor of energy, but becomes an active source/sink of kinetic energy as well. This is an artifact that changes the dynamics of the system fundamentally and uncontrollably, and thus ‫ץ‬ j ũ j 0 is physically unacceptable. As shown below, naively imposing noslip boundary conditions for both u i and ũ i results in significant compressibility effects in the near-wall region, especially for higher values of ␣. For many engineering problems this region is of crucial importance and violation of the incompressibility of ũ i would render the Leray-␣ model useless for these cases.
Our aim in this Brief Communication is to show that the Leray-␣ model in its present formulation cannot guarantee a divergence-free ũ i field, even for simple domains. First, this is illustrated by applying the model to simulate RayleighBénard convection. Then it is shown analytically, for a domain bounded by impermeable walls at z =− 1 2 H and z = 1 2 H, how enforcing no-slip boundary conditions for both the filtered and unfiltered velocity results in serious compressibility effects, specifically in the near-wall region. In the last part several strategies are discussed to resolve this issue, and it is shown that at least for this simple geometry, ‫ץ‬ j ũ j = 0 can be ensured by applying free-slip boundary conditions for ũ i .
To illustrate the importance of incompressibility for ũ i , numerical simulations of Rayleigh-Bénard convection are carried out. Rayleigh-Bénard convection is generated when a layer of fluid enclosed by two flat plates perpendicular to the gravitational acceleration is subjected to a positive temperature difference between the top and bottom plate; see, In the simulations, the unfiltered u i field is divergencefree up to machine precision. Applying the standard decomposition into mean and fluctuating parts, u i = ū i + u i Ј, this means that the mean divergence ‫ץ‬ j ū j and the standard deviation ‫ץ‬ j u j Ј ‫ץ‬ k u k Ј 1/2 are zero too. The same should be expected from the mean divergence and the standard deviation of the filtered velocity, ũ. However, when applying no-slip ͑Nsl͒ boundary conditions for ũ i , significant compressibility effects can be observed ͓Fig. 1͑a͔͒. On average, the ũ i field is divergence-free, as ‫ץ‬ j ũ j = O͑10 
Note that the advective term on the left-hand side is written in divergence form, in accordance with its implementation in the code. The first term on the right-hand side is in divergence form so is purely redistributive. The second term is a source/sink, which normally vanishes because the fluctuating field is divergence-free. The results are normalized by the volume-averaged dissipation rate
, which is one of the important exact results for Rayleigh-Bénard convection.
14 The z-coordinate is normalized by the thermal boundary layer thickness, which can be estimated by ⌰ = H / ͑2 Nu͒. With the no-slip ͑Nsl͒ boundary conditions for ũ i , it can be seen ͓Fig. 1͑b͔͒ that there is a significant production of turbulent kinetic energy due to the term −eЈ‫ץ‬ j ũ j Ј, which is up to 25% of the average production of TKE well inside the thermal boundary layer. This artificial energy injection is an unacceptable side effect, and below follows an analysis of the cause of this behavior.
In the absence of boundaries it is straightforward that the incompressibility of u i is a sufficient condition to ensure ‫ץ‬ j ũ j = 0. Applying a three-dimensional Fourier transform to ͑3͒ gives that
which shows that the effect of the filter is roughly to damp wave numbers k Ͼ ␣ −1 . Taking the divergence of ͑3͒, introducing g = ‫ץ‬ j u j and f = ‫ץ‬ j ũ j , and applying the Fourier transform results in
indicating that the divergences are algebraically dependent. From this it can be concluded that in the absence of boundaries, condition ͑2͒ is sufficient to ensure the incompressibility of ũ i . Care has to be taken when using the Leray-␣ framework in ͑partially͒ bounded domains. A domain bounded by impermeable walls at z =− 
with K defined as
Taking the divergence in ͑7͒ and using ͑2͒ results in 
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where f = ık x ũ + ık y ṽ + d z ŵ . From ͑9͒ it is clear that incompressibility of ũ i is not guaranteed, as the divergence f is governed by an ordinary differential equation in z, which allows a homogeneous solution of the form
This elucidates the importance of boundary conditions, as f͑k x , k y , z͒ is directly determined by A and B. Assuming that identical boundary conditions are applied on both sides, it is easily shown that f͑k x , k y , z͒ = 0 can be obtained by setting f or any z derivative of f to zero at the boundaries. Consequently, the velocity field ũ i is divergence-free when the boundary conditions, either directly or indirectly, ensure that
at z = ±H / 2 for at least one n N. When no-slip boundary conditions û = v = ŵ = 0 and ũ = ṽ = ŵ = 0 are applied for u i and ũ i , respectively, a divergence-free field for ũ i is obtained only under special circumstances. At the wall, using ͑2͒ and ͑7͒, the following terms are zero:
Using these relations, the first three terms of ͑11͒ are given by
No terms vanish based on the boundary conditions a priori for n Ͼ 2. Thus the velocity field is only conditionally divergence-free; only under special circumstances, e.g., when d z ŵ = 0 will the field ũ i be divergence-free. This occurs, for example, in laminar flows where w = 0, such as Poisseuille flow. However, the Leray-␣ model is intended as a subgrid model for high Re turbulent flows, so, in general, the filtered velocity field will not be divergence-free under these circumstances. The filtered velocity field is not automatically divergence-free due to the elliptic nature of ͑3͒, which implies nonlocal interactions, as the filtered velocity at the wall is influenced by the entire unfiltered velocity field. This can be made explicit by the solution of ͑7͒ in terms of the Green's functions:
G͑z,͒û i ͑͒d, where the dependence of û and ũ on the wave numbers k x and k y have been omitted for convenience. The Green's function for ŵ , applying the Dirichlet boundary conditions ŵ =0 at z = ±H / 2, is given by
Differentiating with respect to z and integrating by parts, the derivative d z ŵ at the bottom wall is related to the unfiltered derivatives d z ŵ ͑z͒ by
This relation shows that d z ŵ ͑and thus the divergence͒ at the wall depends on the entire field of d z ŵ , and it is clear that the constraint d z ŵ = 0 at the wall ͓following from substitution of the boundary conditions into ͑2͔͒ is not sufficient to ensure that d z ŵ = 0. When ␣ Ӷ H, the mutual influence of the walls is negligible and KH ӷ 1. In this case, the integration kernel approaches K −1 ␣ −2 exp͑−Kd͒ with d = + H / 2 as the distance from the wall. Hence the typical region that influences d z ŵ is proportional to K −1 Ϸ ␣ ͑for ␣ sufficiently small͒. In the limit of ␣ → 0, the integration kernel converges to a Dirac delta function and the field of ũ i will be divergence-free as d z ŵ → d z ŵ = 0 at the wall. However, the added value of the Leray-␣ model is for nonzero values of ␣, and it can be concluded that the configuration of no-slip boundary conditions for u i and ũ i do not suffice for turbulent flows.
Several strategies could be used to prevent the undesirable behavior of the divergence, ũ i . First, one could opt to enforce ‫ץ‬ j ũ j = 0 instead of ͑2͒, which would avoid the divergence issues a priori. Doing this, u i can be eliminated by substituting ͑3͒ in ͑1͒, which after some calculation can be written in a LES-type formulation, but with an asymmetric residual stress tensor m ij given by m ij = u j u i − u ĩ u j .
11 This is the most generic and intuitive approach, but from a computational perspective it seems rather unfavorable, as it involves solving the Helmholtz equation for all components of m ij .
Second, ␣ could be made to vanish when approaching the wall. By doing this, ũ i would be automatically divergence-free, as d z ŵ → d z ŵ when ␣ → 0 at the wall. This would mean that no-slip boundary conditions could be used for ũ i . This is in fact what is proposed for the more general Lagrangian averaging models:
8 the wall-normal components of the displacement-fluctuation covariance vanishes at the wall. However, the results obtained above, particularly ͑11͒, are not directly transferable to ␣ = ␣͑x , y , z͒ because the Leray filter no longer commutes with differentiation.
An alternative that would permit no-slip boundary conditions for ũ could be to add a pressure-correction procedure to ũ i to make it divergence-free. Here ũ i would be an intermediate result, and the divergence-free velocity ũ i * could be obtained from ũ i ͑1͒ instead of ũ i . The challenge of this approach would be to attribute physical relevance to , other than that it enforces a divergence-free field for ũ * . Another option would be to use free-slip boundary conditions for ũ i , while applying no-slip boundary conditions for u i . Using ͑2͒ and ͑7͒, only two terms are zero at the wall, Fig. 1 . As expected, the divergence ‫ץ‬ j ũ j is zero up to machine precision and the purely redistributive character of advection is restored.
One can arrive at free-slip boundary conditions more rigorously by using the boundary conditions in the wallnormal direction only, and have the wall-parallel boundary conditions follow from the restriction of incompressibility. In the wall-normal direction, the relevant condition is that the wall is impermeable, so that ŵ = 0 and also ŵ = 0. Substituting ŵ = 0 and ŵ = 0 into ͑7͒ yields d z 2 ŵ = 0, from which an incompressible field can be constructed when
The only solution yielding boundary conditions independent of wave number and other velocity components, is to set both d z ũ = 0 and d z ṽ = 0. Transforming back, it follows that free-slip boundary conditions ‫ץ‬ z ũ = ‫ץ‬ z ṽ = w = 0 are required to warrant a divergence-free ũ i field under all circumstances. As a physical interpretation, one could argue that the nonlocality of the filter causes the filtered velocity at the wall to be influenced by the flow in the bulk resulting in nonzero slip velocities. It is emphasized that the divergence condition ͑11͒ relies on the domain. Therefore, further analysis is required to verify whether the free-slip conditions are applicable for general domains as well. It should be noted that if ũ i were the Lagrangian average of u i and u i were to vanish at the wall, then its Lagrangian average ũ i would also vanish at the wall. 8 Thus, ũ i in the Leray-␣ model deviates from the Lagrangian average velocity, especially near the wall, if it needs a different boundary condition from u i . However, it can be expected that the region that will be influenced by the difference in boundary conditions is quite local and will vanish as ␣ → 0. In some applications, ͑partial͒ free-slip boundary conditions have actually been shown to enhance the global accuracy of the solution 16 on coarse grids.
As before, the Green's functions will be used to study the influence of different boundary conditions for u ͑no slip͒ and ũ ͑free slip͒. The free-slip boundary conditions d z ũ =0 at z = ±H / 2 are of the Neumann type and the Green's function is When ␣ Ӷ H and thus KH ӷ 1, the integration kernel G ⌬ can be estimated by K −1 ␣ −2 exp͑−Kd͒, and the influence region is proportional to K −1 Ϸ ␣ for ␣ sufficiently small. In the limit of ␣ → 0, G ⌬ converges to a Dirac delta function, and the wall slip velocity ũ → u = 0. The influence region goes to zero as well, from which it follows that this configuration globally converges to the Navier-Stokes equations.
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